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The [E]}, in the equations above represents the concentration of catalytic
sites. If the enzyme contains one catalytic site per molecule, [E], is the molar
concentration of enzyme, As shown later, an enzyme with multiple identical
and independent catalytic sites is indistinguishable kinetically from an
enzyme with only one site. The constants &£ and £_, are second-order rate
constants:

moles moles

Vmaxf'*" Vaax, 1xmin = 1Xmin

k= = =M 'Xmin"!

()

1 1

At a fixed enzyme concentration, the reaction E+8=ES is pseudo-first-
order with an observed first-order rate constant equal to £,[E]. The constants
k_, and k; are true first-order rate constants:

Voas,  Mxmin™' .
ko= = =min

LE], M

At a fixed enzyme concentration, k,[E], is a pseudo-zero-order constant:

k[EL=V, MI=M><min_1

peat

‘The constant, k, (or &, or k_,,), is called the furnover number (or molecular activily
or catalylic rate constant) and represents the maximum velocity per mole of
enzyme (or per mole of catalytic site if [E], is expressed in concentration of
catalytic sites).

|4

max
! =moles of product formed per minute per mole of enzyme

El,

ky=

The reciprocal of £, represents the time required to complete one catalytic
cycle. The &, values are usually in the range 107 to 10" M ~' Xmin~ ", The
maximum value is about 10" 7! X min ™!, limited by the rate of diffusion
of a small molecule in aqueous solution to the active site of the enzyme. The
k_, values are usually 10% to 10° min™?, while , values vary from 50 to 107
min~'. The K values are usually in the range 107° to 1072 M.

The complete velocity equation for the more realistic reaction sequence
involving two central complexes is easily derived for rapid equilibrium
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conditions, as shown below.

Vet k[ES]— k_,[EP]

net

[E], [E]+[ES]+[EP]

P
kz[EL% —kZ{EL[K—j

- (11-17)

A steady-state treatment (Chapter Nine) yields:

o [B] hykoks[ 8] ki ok o[ P])
Mk kot ki kgt Eoky (kg kot k) [STH A (k¥ ket ko) [P]

The equation above may be further modified by grouping rate constants
into K, and V__ values. The final equation has the same form as that
derived for rapid equilibrium conditions and for steady-state conditions
assuming only one central complex. Only the definitions of K, and ¥ in

terms of rate constants change.

_ hoskytk_ kgt koky _kktk ik ok

Km; H KmP

s kf{koth_otks) k_y(k_+hytk_y)
o FaklE], _ bk B

A R max okt h,tk_,

It is obvious that the physical significance of K, cannot be stated with any
certainty in the absence of other data concerning the relative magnitudes of
the various rate constants, Nevertheless, X, represents a valuable constant
that relates the velocity of an enzyme-catalyzed reaction to the substrate
concentration. Inspection of the Henri-Michaelis-Menten equation shows
that K is numerically equivalent to the substrate concentration that yields
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half-maximal velocity:

=1
¢ Vmax — 2 Vma.x

T K +K,

The numerical value of K, is of interest for several reasons, (a) The K,
establishes an approximate value for the intracellular level of the substrate.
It is unlikely that this level would be significantly greater or significantly
lower than K. If [S],. . <K . » would be very sensitive o changes in [8],
but most of the catalytic potential of the enzyme would be wasted, since »
would be <V .. There is also no physiological sense in maintaining
[8]> K, since v cannot exceed V., and the difference between o at
[S]=K, and [S]=1000K, is only twofold. Also at [Si» K, v becomes
insensitive to small changes in [S]. (6) Since K, is a constant for a given
enzyme, its numerical value provides a means of comparing enzymes from
different organisms. or from different tissues of the same organism, or from
the same tissue at different stages of development. In this way, we might
determine whether enzyme A is identical to enzyme B, or whether they are
different proteins that catalyze the same reaction. {r) A ligand-induced
change in the effective value of K, is one mode of regulating the activity of
an enzyme. If K determined ir sitro seems “unphysiologically” high then we
might search for activators that function iz zize to lower the effective K. By
measuring the effects of different compounds on K, we might identify
physiologically important inhibitors as well. (d) If we know K, we can
adjust the assay conditions so that [S]» K, and thereby determine | 0
which is a measure of [E],.

F. HALDANE RELATIONSHIP BETWEEN KINETIC CONSTANTS
AND EQUILIBRIUM CONSTANT

The constants K, and ¥, were derived in terms of the various rate
constants of the overall reaction. The equilibrium constant for the overall
reaction is composed of the same rate constants. Consequently, it should be
possible to express K., in terms of K and V_ .. For example, consider the

simple two-step reaction shown below.

£y ky
E+S=—EST”—E+P

-1 E_,
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The overall equilibrium constant for the reaction reading left to right is the
product of the equilibrium constants for the individual steps, which may be
expressed in terms of the rate constants:

[P]eq kle
KKi=——
Rk,

eq [S}eq =

We can express this grouping of the rate constants in terms of K and V
values as shown below,

Vows, kKBl Vi, _k 5k 4[E],
K,  hktk, K, ky+k_,

Now dividing one ratio by the other:

Vi, / Ky (ki [E] Yy + k)

Vmax,/Kmp (k2+k—1)(k—2k—1[E}1)

Vm,Km,,= kiky _ [Pleg _
VeaxKn,  k_tk_y [l

max,” tmg

(11-18)

The relationship between K, and the K and V. values is known as the
Haldane equation. The Haldane equation can be obtained directly from the
equation for v,

[S] [P]

Vmax,}g;— max, |
_ : i 11-19
- LI |
K., £,

At equilibrium, z_,,=0. Thus the numerator of equation I1-19 must equal
Zero, or:

Vmaxfisleq Vmax,[P]cq Vmafoﬂ'lp _ {P]eq ‘_K
= or = =
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Substituting V., /K, K, for V. /K, in equation II-19 yields equation
11-20 for v,

Vmax,([S] - iﬂ)
Hea [P]
net = where ——=[8],  (II-20)
& {1+ 1] S Kea
Equation 1I-20 can be written as:
Ve AS [P]
Unet= i where AS= [S} - E—‘ (11—21)
K {1+ I_P]_ + ﬂ +AS a
Mg Kmp ch

In place of the usual [S] in the numerator, we have the difference between [S]
and the equilibriam value of [S]. The X, term in the denominator is
modified in a manner consistent with the product acting as a competitive
inhibitor with respect to the substrate. In other words, the initial net velocity
depends on the displacement of the systemn from equilibrium, (that is, the
thermodynamic driving force) and the amount of enzyme tied up with
product. A more detailed account of competitive inhibition is given in a later
section. The effect of a fixed [P] on the [S]-dependence of initial net velocity
is shown in Figure TI-2. We see that at any substrate concentration below
the equilibrium value of 5 mM the net velocity is negative, that is, in the
direction of P—S. When [3]=5 mM the reaction is at equilibrium and » =0,

The net velocity of S—P in the presence of preexisting P is always less
than the initial velocity at the same [S] in the absence of preexisting P.
There are two reasons for the decreased rate: (a) at any time, some of the P
is being converted back to S, and (&) at any time, some of the enzyme is
combined with P so that less enzyme is available for combination with §.
Reason 4 is expressed by the ([S]—[P]/K,,) factor in the numerator of the
velocity equation, which makes it seem as if less substrate is available.
Reason & is expressed by the (14-[P}/ K,,,) factor in the denominator, which
increases the apparent X, value for 8. The net rate (equation I11-19) can be
expressed as;

Vinas, [5] Vimas, [P]

maxy max,
1] = —_—

Kms(1+ E;})+[S] KmP(1+—E—I)+[P]
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Fig. 1l-2. Velocity curve in the presence of product. [P]=5 mM, K., =1.0, X, =0.4 mM,
K, =0.2 mM, ¥, =10 gmolesX|~"xmin~", ¥, =5 pmoles x|~ Xmin ",

The absolute rates in either direction (2, or 3,) can be measured by using
radioactively labeled S or P. For example, suppose we have a solution
containing 3 mM S, 3 mM P, and an enzyme that catalyzes the reversible
reaction S==P. Assume that K, =1 so that the reaction is at equilibrium. If
the concentrations of S and P are determined by chemical means, no change
in either will be detected with time (i.e., v, =0). However, the equilibrium
is a dynamic one. The ., equals zero because p,=w. If S is made
radioactive by introducing a small amount of high specific activity S (such
that the concentration of S is unchanged) then ». can be measured as the
initial rate at which radicactivity appears in P (see Chapter T'en).

G. SPECIFIC (OR RELATIVE OR REDUCED) SUBSTRATE
CONCENTRATION AND VELOCITY

Strictly speaking, the initial velocity of an enzyme-catalyzed reaction de-
pends not on the substrate concentration, but rather on the ratio of [S] to
K_. This ratio, [S]/ K, has been called “specific substrate concentration,”

“reduced substrate concentration,” “relative substrate concentration,” or

. “normalized substrate concentration” and denoted [$'], a, or 0. The Henri-




38 Kinverics or Uniracrant EnzyMes
Michaelis-Menten equation may be expressed in terms of [S'].

K (5]

Vmax S 1+[§
BT

m

When [S']=1,v=1V

max"

The initial velocity at any given [S] may also be
expressed as a fraction of V., that is, in terms of “specific velocity” or
“relative velocity,” #’ or ¢, giving: ‘

o= (11.23)
1+(8]

The use of “specific” or “relative” values provides a way of normalizing
data for a variety of enzymes. For example, when [8']=6, »"=0.857, or in
other words, when the substrate concentration is six times the X value, the
initial velocity is always  or 85.7% of ¥, , regardless of the actual values of
K, or V.. Equation 1I-23 may be rearranged to solve for the specific
substrate concentration required for any fraction of ¥V,

[$]= = (11-24)

H. VELOCITY VERSUS SUBSTRATE CONCENTRATION CURVE

—o)K,+[SDN=K_,V ., or

The velocity equation can be written as (V. ax

{a—)(b+ x)=a constant. 'This equation describes a right rectangular hy-
perbola with limits of ¥V and — K . The curvature is fixed regardless of
the values of K, and V__ . Consequently, the ratio of substrate concentra-
tions for any two fractions of ¥_, is constant for all enzymes that obey
Henri-Michaelis-Menten kinetics. For example, the ratio of substrate re-
quired for 90% of ¥, ,[S]y, to the substrate required for 10% of V__,,[S]y,,
is always 81 as shown below and illustrated in Figure II-3.

When v=09V__:
v’ 0.9 0.9

=9

hos=7=7 = 1208 ~ 01

-the velocity is essentially independent of the substrate concentration, This is
-the region of zero-order kinetics (Fig. 1I-4¢). At intermediate substrate con-
entrations, the relationship between v and {S] follows neither first-order nor
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Fig. I-3. The curvature of the » versus [S] plot is constant; [Sloo/[Slpq always equals 81
regardtess of the absolute values of K and ¥,,,,.

When 0=01V__ -

! — 1 = —= 11
[57To.s 11— 1-01 9 0-1
s S
[Sos _ 9 or [Sloe -8 (11-25)
[8]p, 0111 [5]0s

I. REACTION ORDER

If we examine the » versus [S] curve, we find three distinct regions where the
velocity responds in a characteristic way to increasing [S] (Fig. 1I-44). At
very low substrate concentrations (e.g., [S]<C0.01K)), the ¢ versus [S] curve
is essentially linear; that is, the velocity (for all practical purpeses) is directly
proportional to the substrate concentration (Fig. 1I-44). This is the region of
[irst-order kinetics. At very high substrate concentrations (e.g., [S]> 100K),
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zero-order kinetics. The characteristics of the first-order and zero-order
regions are described below,

First-Order Kinetics

The linear relationship between » and [S} when [S]J<K can be derived
from the Henri-Michaelis-Menten equation.

Ve |5]

max

TTKHS]

When [S]< K, the [S] in the denominator may be ignored and the equation
reduces {fo:

Vmax
p=—% [S] or v=k[S] (11-26)

m

where £ is a first-order rate constant equivalent to ¥, /K. The units of &
are min~! if 2 is expressed as molesX 17X min~" and K is expressed as
moles X171

Vimax _ moles X1 !X min !

K, moles X!

1

k= =min
In terms of the rate constants of the individual steps, k= £4,[E], [kt k)
Equation I1-26 expresses the fact that when [$] is very small, the absolute
velocity decreases from moment to moment as [S] decreases (Fig. II-5a).
However, at any given moment, a constant fraction of the substrate present
undergoes conversion o product:

_ 4l _ - x 18]
dt
The amount of that is, is some of the
S used up per the constant substrate
small increment  velocity...  fraction...  present at
of time.,. that time

Thus the physical significance of the first-order rate constant is that it
approximates the fraction of the substrate present that is converted to
product per unit of time. For example, if £=10.02 min !, then approximately
2% of the substrate present at any time is converted to product in a minute.
A k>1 min™! means that more than 100% of the substrate present at
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Fig. I1-5. First-order region of the velocity curve. {) # decreases continually with time.
(#) The appearance of P and the disappearance of § are not linear with time,

zero-time could be utilized in a minute #f » remained constant for a minute,
It may be more meaningful to express & in units that yield numerical values
less than unity. For example, if £=2.3 min ~!:

— _25min7] =0.0383 sec !
60 sec X min !
Thus £=2.3 min~' means that approximately 3.83% of [S] is utilized per
second.
Because v decreases with time in the first-order region, the plots of [S]
versus time and [P] versus time are curved (Fig. 1I-54). We can determine
the amount of substrate utilized or product formed during any given time

interval by using the integrated first-order rate equation:

d[S] d[s] _
?)=*—dt‘—=k{8] or ——[ST—]Cdf

Integrating between [S]=0 at t=0 and [S] at any other time, ¢, we obtain:

[s) ;
- f 181 =k f dt
s, S

[Slo
[S]

(11-27)
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-EquatiOB I1-27 may be rearranged to:

k
log[8]=— 53”‘103[8]0 (11-28)

: Thus a plot of log [S] versus ¢ is linear with a slope of —%/2.3 and an
intercept of log [S], on the log [S]-axis (Fig. 1I-6). When [S] = %[.S].m t=
the “halflife,” ¢, 2 the time required to convert half the su%)strate or{gmally
present to product. The ¢, , is constant for first-order reactions and is relat-
ed to k as shown below.

. 0693

> =ty (11-29)

2.310g0}—5 = k2

Zero-Order Kinetics

When [S]3» K, the K in the denominator of the Henri-Michaclis-Menten
: equation may be ignored and the equation simplifies as shown below.

Vinae 8] B350 ¥, [3]

max

T K, +[8]

or v=V

g

(11-30)

log [Slp

; Time
f;.’ I5-6. Semilog plot of the integrated first-order velocity equation,
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Fig. I1-7. Zero-order region of the velocity curve. («) The velocity is constant over time.
(&) P appears and S disappears linearly with time.

For all practical purposes, the velocity is constant and independent of [S]

(Fig. 1I-7a). Plots of [8] versus time and [P] versus time are linear (Fig.
I1-78).

). GRAPHICAL DETERMINATION OF K,, AND V,,,,

Because the » versus [S] curve is a hyperbola, it is extremely difficult to
determine V,, and K. An carly attempt to remedy the situation involved

plotting » versus log [S] as shown in Figure II-8. This plot is based on the
rearrangement of the Henri-Michaelis-Menten equation as shown below:

o __ 8]
Viax K, +[8]

Inverting:
= Ty
v [5] [S]
max 1 Km
v 8]

Vv
103(?& - 1)=10gK;,;—10g[S]

(11-31)
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Fig. H-B. Plot of » versus log [5]; [§] at the inflection point equals K,

' When 0=05V_,, (Vp/v—1) equals 1 and log ( Vo 2—1) ‘cquals
~zero. At this point log [S]=log K,,, or [S]=K,. To determine K, it 1s only
necessary to identify the midpoint (inflection point) O.f lthe curve.

A slightly different rearrangement will yield a familiar equation:

— v

14
5l= —mex 11-32
p[8}=pK, +log — (11-32)

The equation is similar to the Henderson-Hasselbalch equation relating pH
to pK, and the ratio of conjugate base to conjugate acid; (V,.,—¢) / v is
'éihalogous to [original HA — amount titrated to base] /|base] or [HA]/[A™].
“In 1934, the more useful Lineweaver-Burk double reciprocal plot was
introduced. (The double reciprocal plot-was first proposed in 1932 by
Haldane and Stern, as a result of a suggestion by Woolf.) This plot is based
‘the rearrangement of the Henri-Michaelis-Menten equation into a linear
(:'y'_'? mx -+ B) form.
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Lineweaver-Burk Reciprocal Plot: 1/o versus 1/[§]

o [8]
Ve Kyt [S]

Inverting:

Voas _ K, +[8] _ K,

=2 41

v 8] [S]

Cross multiplying V..

1 HKn L, 1 (11-33)
v Vmax [S] Vmax

Thus if we plot 1/» versus 1 /[S], the slope=K, /V,_ . and the intercept on
the 1 /v axis=1/V,,,.. We can also see that when [/2=0, 1/[S]=—1/K .
As we see later, any factor that multiplies the K, term of the original
Henri-Michaelis-Menten equation will turn out to be a factor of the slope
(ie, of K, /V, . ) in the reciprocal equation. Any factor that multiplies the
denominator [S] term of the original equation will turn out to be a factor of
the 1/v-axis intercept (ie., of 1/¥, ) in the reciprocal equation.

Substrate Concentration Range

‘The concentrations of substrate chosen to generate the reciprocal plot should
be in the neighborhood of K, (Fig. 11-9). If the concentrations chosen are
very high relative to K, the curve will be essentially horizontal (Fig. 11-10).
This will allow ¥, . to be determined, but the slope of the line will be near
zero. Consequently, it will be difficult to determine K, accurately. If the
substrate concentrations chosen are very low relative to K, the curve will
intercept both axes too close to the origin to allow either ¥ or K, to be
determined accurately (Fig. 11-11). (At very low substrate concentrations,
the reaction is essentially first-order. There is no hint of saturation. V_,_and
K, appear to be infinite.)

Generally, substrate concentrations are chosen that give evenly spaced
reciprocals (e.g,, 1.0, 1.11, 1.25, 1.43, 1.67, 2.0, 2.5, 3.33, 5.0, 10). If a
constant increment of substrate concentration is used (e.g., 1.0, 2.0, 3.0, 4.0,
etc.) the points will cluster close to the 1/7-axis.

Labeling the Axes of Reciprocal Plots

The beginning student sometimes is uncertain about the units used in
labeling axes or columns of data. The uncertainty arises because there are
two ways of interpreting units containing factors (see Table II-1). For

K En  26n  3Kn
G 0 [5] [8] [3}
T H T I

Range : 0.33-2.0K,,

4— T Vinax
.2
3 Vinax
EN
v
2
2§ 04 Ve
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R W S I I T N S i
0705 10 15 20 Ve
Y Voux | (s°]

[57]
Fig. 1:9. Double reciprocal (1/2 versus 1/[5]) Lineweaver-Burk plot. The [S] range
chosen is optimal for the determination of K, and V...
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Fig. W-10. 1/ versus 1/[S] plot. The [5] range chosen is higher than optimal; v is

elatively insensitive to changes in [5].
' 47
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Fig. 11 1/a versus 1/{S] plot. The [S] range chosen is lower than optimal. The
reaction is almost first-order with respect to [3].

example, we might find a column headed “substrate concentration” with
units of mM X 10°. Below the heading we might find the figure 0.1. Some
people interpret the heading as “the units of the data;” hence the 0,1 really
represents 0.1 X102 mM or 10 mM. Others interpret the heading as “the
numbers shown below are 100 times the mM concentrations.” The figure 0.1
then represents 0.1 X 10™* mM or 0.001 mM. Most biochemists use the latter
convention. 'T'o avoid confusion, it is desirable, whenever possible, to reduce
the data to units that do not include factors. In the example above, the
column may have been headed “substrate concentration, pM.” Then 0.001
mM could have been entered as 1.0.

In the reciprocal plot shown in Figure I1-9, the subsirate concentration
range was 0.33K to 20K, . If K, =1x10" > M, the range becomes 0.33 X
107° M to0 2.0X107° M. The various ways of expressing the 1/[8)-axis are
shown below. Obviously, the most convenient way would be to use units of
#M ! and label the axis at 0.1, 0.2, and 0.3.

Table 1i-1 Different Ways of Labeling the 1/[$]-Axis of Reciprocal Plots

High Substrate

Low Substrate

(b) {0

() (a)

(b)

(a)

Values

20 M

201078 M

033%707% M 33x107%4 3.3pM 2%107° M

(S]

0.05 pM ™"
0.05

0.05 %108 A7

03x10° M~ 03 uM™" 05X10° M

3x10° AT

L
[s]
Number on axis

0.5 0.05

03

0.3
MTTx1078

MTTx107E

Units

or
10"

or
10-5 M7

(same as low [S])

M

or
1078/ M

or
0/ M

or
(M > 10%) 1

or
(M x10%)"

aQr
(105 M )=

or

(10° M)~

49
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Graphical Analysis as a Method of Solving Simultaneous
Fquations

If we know the velocity, »,, at one substrate concentration, [3];, and we also
know the velocity, vy, at a different higher substrate concentration, [S],, it is
a simple matter to solve the two simultaneous equations for the two
unknowns, K, and V.. All we need do is take the ratio of v,/2,:

[S].7,

v _ Kt (S _ [SL(E,+[S))
! [5]1 ¥V max [S]z(Km"'[S}z)
K, +]58],

Solving for K,

_ SLISLi(n—2y)
o v2[8];— #,[S], (11-54)

The V__ can be obtained by substituting the value of K into the original
Henri-Michaclis-Menten expression for v, or »;. In effect, the Lineweaver-
Burk reciprocal plot has solved two simultaneous equations. We need at least
two 1/0—1/[8] points to draw a straight line. Once the line is drawn, we
automatically obtain the two unknowns as intercepts. In Chapter Three we
see that in the presence of an inhibitor, the velocity equation contains an
additional constant, K;. Again, we could determine all the constants by
solving three simultaneous equations (or four equations if we do not know
the type of inhibition), but it is far simpler to plot the data as two {or more)
straight lines and extract the constants from intercepts and slopes {or replots
thereof). Other methods of plotting enzyme kinetics data are described in
Chapter Four.

Effect of Impure Substrate on K, and 7,

Suppose that the substrate is quite impure but the contaminant is not
inhibitory. The velocity is given by:

v 2[8]aaa [S]aga
7

= = II-35
o Kty lShas Fa o (11-35)
add
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where [S],4q= the concentration of added substrate (ic., the assumed con-
centration of S which will be plotted)
y=the fractional purity of added S (as a decimal)
y[S],44 = the true concentration of S.

max

be higher than the true K, because the assumed (plotted) values of 1/S]
will be lower than the true values. If, for example, y=0.50 (8 is only 50%
pure), the K determined from the reciprocal plot will be high by a factor of
2. 1f the impurity is inhibitory, then both the K, and V.. will change, as
described in Chapter Three,

The intercept on the 1 /p-axis gives the true 1/ ¥, but the observed K, will

Eisenthal, Cornish-Bowden Plot and New Dixon Plot

While we might assume that all the propertics of the hyperbolic velocity
curve have been discovered by now, every few years something new turns up.
For example, in 1974, Eisenthal and Cornish-Bowden showed that if the
experimental [S] values are plotted on a negative horizontal axis, and the
observed v values are plotted on a vertical axis, then straight lines drawn
through the corresponding —[S] and v points intersect at [S]=K,, and
v="V,_,, (Fig. 1I-12a} (lines drawn through positive [S] and » points intersect
at —K,).

Another property of the hyperbolic velocity curve described by Dixon in
1972 is illustrated in Figure 11-126. If V. can be determined easily (as »
. observed with a large excess of substrate), then straight lines can be drawn
from the origin through various {(n—1)/n] V,,, points on the velocity curve
to intersect the horizontal ¥, line at some value of [8], called [S],. The n
represents various whole numbers such that the lines are drawn through
1V (n=2), %V, .. (n=3), } V., (n=4), and so on. The intercept, [$],, is
related to [S], the actual substrate concentration needed for [(n—1) /7t Vo
as shown in the insert to Figure I1-124 and equation 11-36.

(11-36)

n)is]

n—1

1s1.=(

‘The distance between one intercept and the next is always equal to X . For
example, when n=4, v=3V_, . Therefore, [8];=3K, and [3], = HEIE
hen n=>5, »=4%V,_,. Therefore, [S],=4K, and [S], = 3[Sl,. Then A
=[8],,— 18], =(1.25)(4K,}— (1 33)3K,)=5K,—4K, =K, Hthe }  line

is drawn too low, the increments will decrease in size as n increases. If the




